Abstract-The first-order (in v/c) vector wave equation for electromagnetic waves in moving media is solved for radially moving media.
Two modes of flow are considered, the two-dimensional case of media flowing radially, symmetrically with respect to the z axis, and the threedimensional case where the flow is symmetrical with respect to the origin.
It is shown that the solution differs from the case of media at rest by a scalar multiplicative factor, involving the radius and the velocity. Propagation of a plane wave is discussed, and the local behavior is interpreted in terms of a ray propagating in the moving medium. It is shown that for an outgoing flow, the ray moves away from tbe origin in the Finite domain. At large distances the ray enters and emerges from the medinm in the same direction. Scattering by a cylinder and by a sphere, symmetrical with respect to the two-, and three-dimensional flow, respectively, are discussed. It is shown that the scattering amplitude is velocity-independent.
This result is contrasted with former cases of scattering in moving media.
I. INTRODUCTION
T HE STUDY of propagation and scattering in moving media is a relatively new subject; therefore simple cases that submit themselves to analytical treatment are considered worthwhile at this stage. In this paper we compare two methods for media in nonuniform motion and apply them to propagation and scattering in radially moving media. This would apply, for example, to a ray propagating in a moving medium, displaced by an expanding gas.
Substitution of the Minkowski [1] constitutive relations
to the first order in v/c in Maxwell's equations for sourceless domains, with time variation e-i"~,yields V* x H = -icME, 
V*-H=O.
For constant velocities Tai [5] , and Collier and Tai [6] use a device to reduce (1) and (3) to the ordinary form of
Maxwell's equations. Thus by substituting
etc., where r is the radius vector, (1) and (3) 
Substitution of (5) in (1) and (3) VI'. d2 = v[r(r, ) -I'(rI)].
rl rl
Now if rl is taken as a constant and rl= r, (7) yields VI'(r) =A(r) and (6) 
I.LV*.H= E.(V XA). When (2) is satisfied (9) reduces tõ
A simple formalism is available for solving (10), paralleling the method used for the conventional wave equation [8] .
For completeness it is presented here, although for the subsequent problems the first method given above is superior. As for the conventional wave equation we construct three spatially independent vector solutions, Here ii is a constant unit vector, and @ satisfies the scalar wave equation
For spherical coordinates in particular, we generate the vector solutions M*, N*,
having the properties given in (12), with fi replaced by r.
Here @ satisfies and for the following limiting case, the last term in (15) is negligible with respect to the middle term:
hence (15) reduces to (13).
Two cases of interest are studied, a two-dimensional radial flow emanating from (or converging into) a cylindrical source, and the corresponding case with spherical symmetry. The velocity effect enters as a multiplicative factor times the conventional solutions of the wave equation for media at rest. This factor can be written as evf('), where v involves the velocity, and f(r) depends on the mode of the flow. As r= w the effect of the velocity vanishes, this is expected from the fact that the velocity decreases with increasing distance.
The propagation of a plane wave in radially flowing media is investigated. It is shown that a plane wave launched at a great distance from the origin emerges unchanged. In terms of rays this means that they emerge from the flowing medium at large distances propagating in the same direction as they entered, again at large distances. In the finite domain the direction of the ray is changed such that for positive (outgoing) velocity, rays move away from the origin and vice versa. In principle this means that the moving medium acts like a lens of certain properties.
Simple scattering problems are considered in order to check if there are new effects. For the two-dimensional radial flow we take a circular cylinder coaxial with respect to the axis of symmetry of the flow; for the three-dimensional radial flow a sphere is considered, concentric with respect to the origin. It is shown that the scattering amplitude is not affected by the moving medium.
II. SOLUTION OF THE WAVE EQUATION

Two-Dimensional Radial Flow
To maintain the continuity of a two-dimensional radial flow we choose v(r) such that V v = O, where r k measured perpendicular to the z axis. Therefore,
where V is (numerically) the value of the velocity at r = 1 and has the dimensions [(length)'/time]. According to the first method, since (17) satisfies (2), the fields are given bỹ
where v is dimensionless, and a = 1 is chosen as the lower limit of the integral; YTOis a solution of the conventional wave equation. According to the second method (13) is separated in cylindrical coordinates.
For the r dependence we have the Bessel and the first-kind Hankel functions, respectively; this is a well-known result [9] . Consequently, the solution of (13) subject to (17) is given by
where r#IOdenotes the solution of the conventional scalar Helmholz equation, i.e., (13) with V* replaced by V. For large distances r= m, we have @o~;
this is expected, in view of the fact that the velocity decreases with increasing distance from the origin. Substitution of (21) 
where r is the radius vector measured from the origin, V is Letting ae m produces the solution of (1) for the present case. Separating (13) in spherical coordinates yields for the r-dependent function 
where z. is the spherical Bessel or Hankel function. Consequently the solution of (13) 
III. PROPAGATION OF A PLANE WAVE
A proper plane wave is not a solution of (l), subject to (17) or (22), but reduces to one at large distances. Therefore we consider a plane wave launched at a large distance and investigate its behavior. The local behavior of such a wave will be interpreted in terms of a ray propagating in the moving medium. Three-Dimensional Flow Subject to (23),
is a solution of (1). The exponential is interpreted as the phase of a plane wave whose propagation vector depends on the velocity v(r) and the given location r, this corresponds to the behavior of a ray at this location, kx + k(&l -c/co2)vr = k.Z + kvy + /?.2 = k-r, The equivalent wavelength and phase velocity, h., and C.,, respectively, can be found from (28). The direction of propagation is implied by (27), e.g., in the xy plane 8= r/2 we get
where a is measured with respect to the x axis. Consequently sin a and sin~change sign simultaneously. This means that for positions in they> O half-plane~is always positive, for y< O a is always negative, in the finite domain. From (26) it is clear that at x= f~the wave reduces to a plane wave propagating in the direction~, consequently a ray launched at a large distance from the center of symmetry of the moving medium emerges at a large distance propagating in the original direction & It changes its direction in the vicinity of the moving medium as depicted in Fig. 1 . The same is true for arbitrary directions of incidence. The rays move away from the origin for positive (outgoing) velocities, and vice-versa, they emerge propagating in the same direction of incidence, at large distances.
Two-Dimensional
Flow
The discussion is similar to the three-dimensional flow. The exponential, Consider now a wave propagating in the z direction, 
depending on v(r) at the point of interest. For positive In v a is positive, therefore the rays move away from the z axis. The effect is the same for a wave propagating in the -2 direction as is evident from (36) by changing a to r-a and assigning the opposite sign to the right side (36). For negative velocities and positive In L', the rays will approach the z axis. [12] .
IV. SCATTERING PROBLEMS
The excitation @ is taken as an E or H field polarized along the z axis, such that at large distances it reduces to a plane wave propagating in the x direction:
Subsequently it is shown that the boundary conditions are satisfied with scattered and internal fields having the same polarization, therefore no polarization effects are present and we proceed by employing a scalar formalism. According to (21), (37) may be represented by taking h= O, an= 1, Z.= .JJkr), therefore the scattered wave u= 2U is represented similarly in terms of (21) 
Therefore the scattering amplitude, does not contain a first-order velocity effect, and at large distances the scattered field appears to be the same as for the case of the same cylinder immersed in a medium at rest. It follows that if the cylinder and the moving medium have the same constitutive parameters in their proper frames of reference, I.L, = P, c, = e, the scattered wave vanishes. In a recent paper [10] it has been shown that for a cylinder moving along its axis, with respect to the external medium, even when P,= p, t,= c, the scattered field does not vanish. This effect, which has been termed "clear air scattering" is also present in the case of a cylinder rotating in an external medium at rest [4] . The results derived here are consistent with recent studies [11 ] , [12] , in which a relativistically exact formalism has been used. For plane waves and a uniformly moving medium, terminating on an interface perpendicular to the velocity, the results show that to the first order in the velocity, if k and K are the same, the scattered wave vanishes. For a plane wave propagating normal to the interface this is true even for arbitrary velocities. It is safe to say that "clear air scattering" will occur when the medium has a velocity component tangent to the boundary. Consequently, it is anticipated that the scattering amplitude in the case of a sphere concentric with the three-dimensional flow will be velocity independent. This is verified subsequently.
Three-Dimensional Flow
Consider a sphere of radius d consisting of a medium at rest with constitutive parameters W, e, and concentric with respect to the radial flow. For r> d the medium moves according to (22) . In view of (23) the problem is similar to the diffraction of a plane wave by a sphere, discussed by Stratton
[8], except for the new factor e~/'. By inspection of Stratton's discussion and in view of (23) it becomes clear that the equations for the coefficients hold for the present case, provided we replace an', bnt by e-~/'ati', e-wlrb~', respectively. Therefore an', bn", the coefficients associated with the scattered field, do not involve the velocity, and the field at large distances is the same as for the case of an external medium at rest.
